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Ideal Topology on Effect Algebras

Zhihao Ma,! Junde Wu,!* and Shijie Lu?

The ideals of effect algebras induce a topology on effect algebras. The operations @
and © of effect algebras are continuous with respect to this topology.
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1. INTRODUCTION

Foulis and Bennet in 1994 introduced the following algebraic system (E, L,
@, 0, 1) to model unsharp quantum logics, and (E, L, @, 0, 1) is said to be an
effect algebra (Foulis and Bennet, 1994):

Let E be a set with two special elements 0, 1; L be a subset of E x E; if
(a,b) € L, denote a L b, and let @ : L. — E be a binary operation; and let the
following axioms hold:

(E1) Commutative Law.If a,b € E anda L b,thenb Laanda ®b =b P a.

(E2) Associative Law. If a,b,c € E,a 1L b,and (a ®b) Lc,thenb Lc,a L (b ®
c),and (a®b)®c=adbdc).

(E3) Orthocomplementation Law. For each a € E there exists a unique b € E,
suchthata L banda @ b = 1.

(E4) Zero-Unit Law. If a € E and 1 La, thena = 0.

Let (E, L, 6,0, 1) be an effect algebra. If a, b € E and a L b, we say that a
and b be orthogonal. If a & b = 1, we say that b is the orthocomplement of a, and
we write b = a. Clearly 1'=0, (a/)/ =a,al0,anda ®0=aqaforalla € E.

We say that a < b if there exists c € E, suchthata L c anda @ c = b. We
may prove that < is a partial ordering on E and satisfies0 <a < l,a <b < b <
d,anda <b o albfora,beckE.If the partial order < of an effect algebra
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(E, L, @, 0, 1) defined as above is a lattice, then the effect algebra (L, L, @, 0, 1)
is said to be a lattice effect algebra.

Ifa<bande € E,suchthatale,a ® e = b, we denote e as b © a and ©
is called the difference operation. Furthermore, it is easy to prove thatifa < b <
¢, then the difference operation © satisfies the following properties (Foulis and
Bennet, 1994):

(D) bSa <b.
D2)bO (hSa)=a.
(D3)(cob) < (coa).
D) (cea)o(ceb)=boa.

The properties D1-D4 are very important, in fact, Kopka and Chovanec in
1994 introduced the following quantum logic structure (Kopka and Chovanec,
1994):

A difference poset is a partially ordered set (D, <, 0, 1) with a maximum
element 1 and a minimum element 0, and with a partially defined binary operation
©, such that b © a is defined iff @ < b, and the operation & satisfies properties
(D1)—(D4).

Thus, each effect algebra can induce a difference poset. Foulis and Bennet
pointed out that the converse is also true (Foulis and Bennet, 1994). Thus, the
effect algebras and the difference posets are the same thing.

Let (E, L, @, 0, 1) be an effect algebra. A nonempty subset [ of (E, L, &,
0, 1)issaidtobe anideal of (E, L, &, 0, 1) if the following conditions are satisfied
(Ma, Wu, and Lu):

A Ifxel,yeE,y<ximplyyel.
@2)Ifxeyel,yelimplyx el.

If anideal I of effect algebra (E, L, @, 0, 1) is also a total order set, then the
ideal is said to be a total order ideal of (E, L, &, 0, 1).

2. ATOPOLOGY OF EFFECT ALGEBRAS
INDUCED BY THE IDEALS

As we knew, study of topology of effect algebras is a very important and
interesting topics, see, for example, Riecanova (2000, 2002, 2004) and Qu et al.
(2004).In 1985, Alo and Deeba showed that a base of a uniformity can be generated
by the ideals of BCK-algebras (Alo and Deeba, 1985). In 1991, Qun Zhang proved
the analogous result holds for BCI-algebras, and there is a lot of families of ideals,
each of which determines uniformities, and so a topology of BCI-algebras (Zhang,
1991).

In this paper, we show that all the total order ideals of effect algebras can also
induce a topology on effect algebras.
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Let (E, L, @, 0, 1) be an effect algebra. For each ideal / of (E, L, 6,0, 1),
denote Uy = {(x,y): (x,y) e ExEandx6&yeloryexel}.

IfU,V CE x E,defineU oV = {(x, z) : there exists y € X suchthat (x, y)
eUand(y,2) e VE U ' ={(y,x): (x,y) e U}.

Foreachy € X,denote U(y) = {x : (y, x) € U},anddenote A = {(x, x)|x €
X}

Remark 2.1. Our definition of Uj is very different from the definition of Alo and
Deeba (1985) and Zhang (1991).

A uniformity on effect algebra (E, L, &,0, 1) is a nonempty family K of
subsets of E x E such that the following conditions are satisfied:

(Ul) A C U foreachU € K.

(U IfU e K,thenU™!' e K.

(U3)IfU € K, thenthereexitsaV € K,suchthat VoV CU.
UHIfU,V eK,thenUNV €K.
US)IfUeKandU CV C X x X,thenV € K.

Theorem 2.1. Let I and J be ideals of effect algebra (E, L, &, 0, 1). Then

(1) A = Uy, where {0} means the zero ideal {0} of (E, L, &, 0, 1).
) I C JimpliesU; CU,.

@ U =U,".

@ U nU;=Uny.

(5) U[UU] EU[OU].

(6) If I is a total order ideal, then Uy o Uy = Uj.

Proof: (1) (x,y) e A< x0y=00oryox=0< (x,y) € Up. (2) and (3)
follow from the definition immediately. (4) (x, y) €e Uy NU; < (x,y) € Uy and
x,yelUy; s xeyeloryoxelandxeyeJoryoxel.

Thus, there are four possible cases:

(i) xeyel,xoyeJ. Inthiscase,wegetxoyelNJ.

() xeoyel,yox e J. Thus,wehavey <xandx < yandsox &y =
yex=0elInlJ.

(i) yoxel,x©ye J.As(ii),wehavex = yandsox Oy =y O x =
0OelInl.

(iv) yoxel,yox e J.Inthiscase,wegetyox el NJ.

It follows from (i) to (iv) that (x, y) € Ujny.
S)If (x,y) e Uy, then (x,y) e Uy o Uy, since (y,y) € A C U,.
Similarly, if (x, y) € Uy, then (x, y) € U; o Uy, too.
©)U; =U;,UU; CU;oU from (5).
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If (x, z) € Uy o Uy, then there is y € X such that
x,yyelU;,(y,z)elU;.Soxeyeloryexelandyczelorzoyel.
Thus, there are four possible cases:

(i) xeyel,yozel.Inthiscase,wehave (x ©z)6 (xS y)=( S
z), it follows from the definition of ideal that x &z € I.

(i) yoxel,yoz e l.Itfollowsfrom ] isatotal orderideal thaty & z <
yOxoryOx<yozIlfyoz<yOx, then(yox)0(yOz)=
(zex),weget(zeox)<(y6x),s0o(zox)el.lfyex<yorz,
then(y©2)0(y6x)=x61z2),x6z2)€el.

(iii) y©xel,zey e I.In this case, we have zOx) 6 (yox) =026
y), it follows from the definition of ideal that (z © x) € I.

iv) xeyel,zoyel. As (iii), we get x ©y)O(z0y)=x62z)or
zey)yoxoy) =zox,soxozelorzoxel.

Thus, we have proved that (x, z) € U;, hence U; o U; = U, . This theorem is
proved.
From Theorem 2.1, we can give out the first main result immediately. O

Theorem 2.2. Let T be the family of all the total order ideals of effect algebra
(E,L,®,0,1)and Ko ={U; : I € I}. Then

K={VCExE:3U, €KyU CV}.

is a uniformity of the effect algebra (E, L, ®,0, 1),and T ={U;[x]: 1 €Z,x €
EY} is a base for the topology t on (E, L, &, 0, 1) which is induced by the unifor-
mity K .

3. OPERATION CONTINUITY OF EFFECT ALGEBRAS
WITH RESPECT TO TOPOLOGY T

Riecanova (2000) studied the continuity of @ and © with respect to the
order topology when the effect algebras (E, L, @, 0, 1) are lattice effect algebras.
Recently, Qu et al. (2004) studied the continuity of & and © with respect to the
interval topology when the effect algebras (E, L, @, 0, 1) are also lattice effect
algebras.

Now, we study the continuity of @ and © with respect to the topology t; our
second main result is as follows:

Theorem 3.1. Let (E, L, ®,0,1) be an effect algebra. If the net {ay}qyen of
(E, L, ®,0,1)is t convergent to a point a of (E, L, ®,0, 1), and a, < b for all
a€Aanda <b,then {ay @ b}ucn is T convergent toa @ b.

Proof: Let I be a total order ideal of (E, L, &, 0, 1). Since the net {ay }oecp 1S T
convergent to a, so there exists a ¢ such that for each @ > o9, a, ©a €l ora ©
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a, € I. Note that a, < b’ forallaeA,agb/,sowehaveaaéebe(aeab):
az©aclora®bS(ay, ®b)=aSa, € 1. This showed that {a, D b}yen is
T convergent to a @ b. |

Similarly, we may prove the following two theorems:

Theorem 3.2. Let (E, L, ®,0,1) be an effect algebra. If the net {ay}qen of
(E, L,®,0,1)is T convergent to a point a of (E, L, ®,0, 1), and a, < b for all
o€ Aanda < b, then {b © ay}qecn is T convergentto b © a.

Theorem 3.3. Let (E, L, ®,0,1) be an effect algebra. If the net {ag}qen of
(E, L, ®,0,1)is t convergent to a point a of (E, L, @, 0, 1), and b < aq for all
o€ Aandb < a, then {ay © blyep is T convergenttoa S b.
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